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Problem 4. Determine whether there exist a polynomial f (x1, x2) in two vari-
ables, with integer coefficients, and two points A = (a1, a2) and B = (b1,b2) in
the plane, satisfying all the following conditions:

(i) A is an integer point (i.e., a1 and a2 are integers);
(ii) |a1 −b1|+ |a2 −b2| = 2010;

(iii) f (n1,n2) > f (a1, a2), for all integer points (n1,n2) in the plane other
than A;

(iv) f (x1, x2) > f (b1,b2), for all points (x1, x2) in the plane other than B .

Italy, Massimo Gobbino

Problem 5. Let n be a given positive integer. Say that a set K of points with
integer coordinates in the plane is connected if for every pair of points R,S ∈ K ,
there exist a positive integer ` and a sequence R = T0,T1, . . . ,T` = S of points in
K , where each Ti is distance 1 away from Ti+1. For such a set K , we define the
set of vectors

∆(K ) = {
−→
RS | R,S ∈ K }.

What is the maximum value of |∆(K )| over all connected sets K of 2n +1 points
with integer coordinates in the plane?

Russia, Grigory Chelnokov

Problem 6. Given a polynomial f (x) with rational coefficients, of degree
d ≥ 2, we define the sequence of sets f 0(Q), f 1(Q), . . . by f 0(Q) =Q and f n+1(Q) =
f ( f n(Q)) for n ≥ 0. (Given a set S, we write f (S) for the set

{
f (x) | x ∈ S

}
.)

Let f ω(Q) =
∞⋂

n=0
f n(Q) be the set of numbers that are in all of the sets

f n(Q). Prove that f ω(Q) is a finite set.
Romania, Dan Schwarz

Each of the three problems is worth 7 points.
Time allowed: 4 1

2 hours.


